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ABSTRACT 

A subset A of the positive integers Z+ is called sumfree provided 

(A+ A) N A -- 0. It is shown that any finite subset B of Z+ contains 

a sumfree subset A such that IAI _> ½(IBI + 2), which is a slight improve- 

ment of earlier resul ts  of P. ErdSs [Erd] and  N. A lon-D.  K l e i t m a n  [A-K]. 

T h e  m e t h o d  used is ha rmon ic  analysis ,  refining the  original approach  of 

ErdSs. In general,  define sk(B) as t he  m a x i m u m  size of a k-sumfree  subse t  

A of B,  i.e. (A)k = A + . . .  + A is disjoint f rom A. E labora t ing  the  tech- 

k t~mes 
niques  pe rmi t s  one to prove tha t ,  for instance,  s3 (B)  > 4 ~ + ~loglog [S I 
as a n  improvemen t  of t h e  e s t ima te  sk(B ) > 4 ~ resul t ing  f rom ErdOs' ar- 

g u m e n t .  It is also shown t h a t  in an  inequal i ty  sk (B) > 5k I B], valid for any  

finite subse t  B of Z+,  necessari ly 5k --~ 0 for k --* oo (which seemed  to be  

an  unclear  issue). T h e  mos t  in teres t ing par t  of the  paper  are the  m e t h o d s  

we believe and  the  resul t ing  ha rmon ic  analysis  quest ions .  T h e y  m a y  be 

worthwhile  to pursue .  

1. I n t r o d u c t i o n  

Call a subset A of Z+ sumfree provided (A + A) N A = 0. It is observed in [Erd] 

that any finite subset B of Z contains a sumfree subset A such that 

1 
(1.1) IAI > ~ IBI. 

In [A-K], the authors pointed out that in fact the argument yields 

1 1 
(1.2) IAI > ~ IBI, hence IAI > ~ (IBI + 1). 

Received March 7, 1995 

71 



72 J. BOURGAIN Isr. J. Math. 

The purpose of this note is to develop a harmonic analysis approach to this and 

similar problems, estimating discrepancies using techniques related to trigono- 

metric sums. We show, for instance, the following slight improvement of (1.2). 

PROPOSITION 1.3: 

1 
S(B) >_ ~ ([B l + 2 ) ,  for any B C g+. 

S(B) denotes the maximum size of a sumfree subset of B. 

There is also the following fact, which in many cases yields a more significant 

improvement. 

PROPOSITION 1.4:  

S(B) >_ [-~ +cl (l°glBI)-I keBE cos2rk0 
1 

Here cl is some fixed constant. From the solution to Littlewood's conjecture, one 

has always 

(1.5) g e2~ik° 1 

(see [M-P-S] for the proo O. 

/0IE -= cos2rk0 d0 > c21oglBI 
kcB 

One may similarly define S3(B) as the size of the largest subset A of B 

satisfying 

(1.6) ( A + A + A )  NA=O. 

The harmonic analysis techniques may be here exploited in a more successful 

way. The following improvement on the "obvious" inequality S3(B) > IBI/4 is 

obtained. 

PROPOSITION 1.7: 
[_~ log IBI 

S3(B) > +c logloglB I. 

From a technical point of view, this is the most interesting part of the paper. 
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2. H a r m o n i c  analys is  f o r m u l a t i o n  

1 1 1 + ~[ on the circle Denote by f the indicator function of the arc J = ] 2 6, 2 

v = R / z .  

Observe that  if A C Z and x E T such that nx E J for all n E A, then clearly 

A is sumfree. Hence 

(2.1) S(B)>max_ ~ev E f ( m x ) =  ~--~+ max~e, ~ ( f - ~ ) ( r e x ) .  
m E B  EB 

The Fourier expansion of the function f - ½ yields 

1 ~ ¢ o ( - 1 ) n . s i n n r . e 2 ~ i n ~  v~ E x(n) c°snx (2.2) f i x ) -  5 = n----~ ~ -- -~ n 
n_>l 

where X is the multiplicative character defined by 

0 if n = 0 (rood3), 
(2.3) ~((n) = 1 if n = 1 (rood3), 

- 1  i f n  = 2 (rood3). 

Denote by # the Moebius function. Let 2, 3, 5 , . . . ,  P , . . .  be an enumeration of 

the consecutive primes. For a subset A of Z, denote 

GA = {n E Z [ (n,k) = 1 for all k E A}. 

Observe that  

(2.4) 

Hence, one gets 

/2 /r 

and 

1 i f n E G 2  ..... P, 
#(k) 

- -  0 if n ¢ ~ ..... p. 
klP!,kln 

(2.6) 

5: ~(n-A cosn~ 
7r n 

nE~2,...,P 

~cosz '~ Z 
71" 71" 

nE~2,...,P 
n>l 

kiP! 

x/~ E cos m x -  - -  v/~ E --x(n) eosmnx. 
~ n m E B  n E Q 2 , . . . , p , n ) l  

mEB 

x ( n )  

n 
- -  COS TtX 
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3. P r o o f  o f  P r o p o s i t i o n  1.3 

We minora te  

(3.1) max ~ B  ( f  - -1 )  (mx) xev v~ E x(n) 
7r n 

n>_l,mEB 

cos nmx 

Denote  0 < m l  < m2 < ma < . . -  < m N  the elements of B. We may  assume 

gcd(B) = 1. We distinguish first the cases m l  > 1 and m l  = 1. 

Define j = m i n { j ' = 2 , . . . , N ] m j ,  ~mlZ}.  Denote  for (I):  Case ml > 1. 
convenience 

(3.2) Y ( x ) = -  ~ x(n) cosu-~x. 
n 

n>_l,mEB 

Consider the test  function 

(3.3) a(x )  = (1 - cos mix)(1 - cos mCx) 

satisfying G _> 0, fv  G = 1. Hence 

1 ^  
(3.4) m a x  F(x) k {F, G) = -F'(ml) - Y(mj) - - } -  F ( m j  - m l )  -k- -~ F(mj + ml). 

xG~£ 

By definition of j ,  we have 

(3.5) 

(3.6) 

1 
mj ~ nB f o r n > l ,  h e n c e F ( m j ) = - - ~ ,  

m j - m l ~ n B  f o r n > l ,  h e n c e F ( m j - m x ) = 0 ,  
1 

(3.7) mj+mx  CnB f o r n >  1, h e n c e F ( m j + m l ) = 0  or 
2 

For instance,  if rnj + ml = nmj, with n _> 2, there would follow 

} (ml  mj) hence j' mj,  < + < m j ,  < j and my E m l Z ,  m j  E mlZ (contra- 

diction). 
From (3.4)-(3.7),  we get thus 

1 1 1 3 
(3.8) m a x  F(x) > + - 

~ev - 2 2 4 4 

and hence 

(3.9) (3.1) > ~ 3 1 ~r 4 0 , 4 1 . . .  > 3 
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(II):  Case ml  = 1. Distinguish the cases m2 > 2 and m2 - 2. 

CASE m2 > 2: Take  

4 1 
(3.10) G ( x ) = I  3 c o s x + ~  c o s 2 x > 0 .  

Hence 

(3.11) max  F(x) > < F , G } =  4 1 F ( 2 ) =  2 1 3 

and 

(3.12) 

CASE m2 = 2: 

(3.1) > vr~ 3 1 
rr 4 > 3  

T h u s  rn 1 = 1, m2 = :2. Take  

(3.13) a(x) = (1 - cos x)(1 - cos.~x). 

This yields 

(3.14) max  F(x)> < F , G } =  1 1 F ( m 3 - 1 ) +  1 ~e~: - ~ - F (m3)  + ~ ~F(m3 + 1). 

(1): m3 = 3. 

(3.15) 

(2): m3 = 4. 

(3.16) 

(3): m3 = 5. 

(3.17) 

Then  F(rn3) = 1 ~($gt3 _ 1) = 1 ~(r/.t3 q_ 1) > 3 a n d  - 3 ,  - ~ ,  - 

i 1 1 3 I i  
(3.14) _> ~ + 2 8 16 -- 16' 

(3.1) > 4 5  11 1 
- r~ ~ 0 , 3 7 . . .  > 3 

2 and T h e n  F ( m 3 )  = _ 3 ,  ~ ( m 3  _ 1) = 0, F ( m 3  q- 1) > - g  

1 3 1 27 
(3.14) _> ~ + 8 5 -- 40'  

1 (3.1) >_ - -  4 5  • --27 = 0 , 3 7 . . .  > - .  
rt 40 3 

T h e n / ~ ( m 3 )  = -g,2 F (m3  - 1) = 1, F (m3  + 1) _> -½  and 

1 2 1 1 57 
(3 .14 )>  ~ + ~ +  16 4 -  80'  

4 5  57 1 
(3.1) > . . . .  0 , 3 9 . . .  > - .  

- ~r 8 0  3 
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(4): 
1 /~(m3 + 1) > 1 1 and - ~ ,  _ - ~  - 

m3 _> 6, m3 • 3Z. Then F(m3) --~ -½,  F ( m  3 - 1) >_ --m3-11 + ~ 1  = 

1 1 1 3 1 1 > 
4(m 3 - 1) 4 4(m3 + 1) - 4 20 28' 

1 
= 0 ,36 . . .  > - .  

2O 3 

1 1 
(3.18) (3.14) > ~ + 2 

(5): m3 k 6, m3 E 3Z + 1. 

i f ( m 3  - 1) = 0, F(m3 + 1) > 

Then F(m3) < -½ + 1 
1 
2 

1 
(3.14) k ~ + 

3 1 
4 2m3 

(3.20) 

(3.21) 

1 1 1 
2m3 = ---~ "4- 2 m 3 '  

1 1 ~--- -- i -- 1 and 
m3-I-1 q- ~ 

1 1 1 1 
2 2m3 4 4(m3 + 1) 

1 3 1 1 > 
4(m3 + 1) -- 4 14 32' 

1 = 0 ,35 . . .  > - .  
14 3 

1 (6): m3 > 6, m3 e 3 Z + 2 .  Then if(m3) = _ 1  + 2--~3' F(m3 - 1) >_ -2 (m3-D '  

/~(m3 + 1) >_ -½ and 

1 1 1 1 1 

(3.14) > ~ + 2 2m3 4(m3 - 1) 4 -- 

3 1 1 3 1 1 
(3.22) 4 2m3 4(m3 - 1) > 4 16 28' 

( 3  18 )  1 (3.23) (3.1) > x/~ 1 0 ,35. .  > 3 
- Ir 16 

From (3.9), (3.12), (3.15), (3.16), (3.17), (3.19), (3.21), (3.23), it follows that for 

any B C Z+, [B[ _> 3 

hence, by (2.1), 

proving Proposition 1.3. 
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4. P o o f  of  P r o p o s i t i o n  1.4 

Since 

m E B  

satisfies fv F dx = O, it follows that 

1 F 1 (4.1) max F(x) >_ ~[[ IlL (T). 
xE'F 

From equality (2.6) 

E COS m x  1 ~ 
m E B  

E 
nE~2,...p,n>l 

mEB 

The second term in (4.2) is bounded by 

v~ (4.3) vr~" IBI 

1/2 

~((n)n cos mnx 

1 

Taking P = IBI 2, it follows that 

( )11 
[l_ + • V:~ c o s m x  (4,4) IIFII~ 

I 

p<P m E B  1 

and this proves Proposition 1.4. 

< C IB] p-1/2 . 

> c ( l ° g p ) - i  ~ Bc°smx 1 

5. F u r t h e r  e s t i m a t e s  on  (2.6) 

LEMMA 5.1: Let S be a finite subset of Z+ and P > (loglS[) 2. Then for K > 1 

1 
(5.2) ~ E ISN kS I < C p-1/2 iSl. loglSi.  

tc<K 
kE~2,3,...,P 

Proof" (i) Construction of a partition of I - {k _< K [ k E G2,3 ..... p}. For k E I, 

denote q(k) the largest prime divisor. Hence q(k) >_ P. Define 

In = {k e I l k  = n q ( k ) } .  
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Hence I = U,~<K/p In, ~,~<K/P Ilnl < K. 
Assume 

1 (5.3) g ~ I sn  kS I > 6IS 1. 
kEI 

Then 

X~ I-r'~l ~ IS n kSl > 61sl. 

Hence, there is n ~ <_ K I P  such that 11 = I,~, satisfies 

(5.4) II'l > ~0 P and i r,-- ~ ~ I snks l  > ISl. 
kEI t 

1 i t the corresponding set of primes. Thus Denote J = ,~w 

(5.5) [JI > P and IJ~ ~ Is n n'pSl > IsI- 
pEJ 

(ii) Define next 

S + = {x e S I #{p e J ln'px e S} > rlJI}, 

S~={xeS l# {pEJ ln ' p l z  and x } - -  e s }  > " l J I  , 
ntp 

s .  = s~ + u s ; .  

Hence 

(5.6) 

1 ~ l  (,9\,9.) n n'pSl = 
IJI pEJ  

1 { - - 6  s} <dSl IJ--~l ~" # peJIn 'p lx  and x 
~dSkS. n~P 

and similarly 

1 1 
(5.7) iJ-~l ~ '~ lsnn 'p(S \s~ . ) l= -~[ 

pEJ ~ES\S~. 

# {p E J [ n'px E S} < ~-ISl. 

Thus (5.5), (5.6), (5.7)imply 

' 
(5.8) [g-~[ ~ IS~- N n'pS~. 1 > - 2T ISrl. 

pEJ 
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Fix an integer r ~ log ISI and define T ---- 5/100r.  Wi th  previous notat ion,  define 

the decreasing sequence of sets 

S O = S, S 1 = S~, S q+l = (Sq)~ for q < r. 

By definition of ~- 

1 
(5.9) Ij-~ E ISq N n'pSql > Isql for q _< r 

pEJ 

and in part icular  

(5.10) S ~ ¢ 0. 

(iii) Const ruct ion of a tree. Take a point  x E SL  We will introduce points 

x ( / 1 , / 2 , . . . , g ~ )  with g~ = 1 , 2 , . . . , 1 0  and w < r. 

Since x E S ~ = (S~-1)~ there is eo = 4-1 such that ,  by (5.5) (and (5.18) below), 

5: 
(5.11) # {p E J I (n'P) ~°x • s ~ - i }  > T. IJl = ~ P > 10. 

Choose P(gi), gl = 1 , . . . ,  10 with (n'p(li))eOx • S ~-1 and define 

(5.12) x(gi)  = (n'p(ei)) e° x. 

If the construct ion is performed up to stage w with x ( l l , . . . , t ~ )  • S ~-~,  we 

proceed as follows. Since for some e -- e ( g i , . . .  ,~w) = +1,  

52p 
(5.13) # {P • J I (n'P) ~ x ( i i , . . . , g ~ )  • S . . . .  i} > ~ > 10w, 

we may  find dist inct  p ( l i , . . . ,  ~ ,  t~+1),  ~ + 1  -- 1 , . . . ,  10 satisfying 

(5.14) 

and 

(5.15) 

Define 

(5.16) 

( n ' p ( g l , . . . ,  gw+i)) ~ x (g i , . . . ,  gw) E ,~r-w-1 

p(gl, . . . ,g~+l) ¢ {p(g) I ~-- 1, . . . ,  10} u 

{p(el,g) I ~-- 1, . . . ,  10} u . . .  w {p(~l,... ,e~-~,e) I ~ = 1, . . . ,  10}. 

X ( ~ l , ' ' ' ,  ~w, ~w+l) = [n 'p( i i , . . . ,  ~w+i)] ~(el ..... e,~) x ( l i , . . . ,  g~). 
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Thus from (5.12), (5.16) 

X ( ~ l , . . . , ~ r )  ~-- 

(5.17) [n,p(~l)]eo [r ,p(~l ' ~2)]e(~1)... [ n t p ( ~ l , . . . ,  ~r)]E(~l ..... e~-l) x. 

To fulfil condition (5.13), we need 

(5.18) P > 104 5 - :  r 2 • 

(iv) For each ~ = ( e l , . . . ,  er-1) E {1, -1} r - l ,  let 

Ot~= { (~1 ,~2 , . . . , ~ r )  e {1,. . . ,10}~ [ 

(5.19) 5"(~1) : E1 , $(~1,~2) ~- ~2 . . . . .  C ( e l , . . . , ~ r - 1 )  : g 'r-1}. 

Thus we may fix some ~ such that 

(5.20) # a~ > 10 ~ 2 -(~-1) > 2L 

We claim that  the points 

(5.21) X(~l , . . . , /~)  with ( e l , . . . , ~ )  e a~ 

are all distinct and thus by (5.20) 

(5.22) ISI > 2 ~. 

By construction and (5.17) 

(5.23) X ( ~ l , . . . , ~ r ) =  (Tt') E°'bel÷'' '÷er-1 P(~I) ¢° p(e l ,e2)  ¢ l . . . p ( e l , . . . , e r )  ~'-1 x 

and the claim will result from the fact that  for given ~ all rationals 

p(~l) e° p(~l,~2)~ . . . p ( e ~ , . . . , ~ ) ~ - ~ ,  ~ = 1 , . . . ,  10 

are distinct. Now this property is easily seen to result from (5.15). 

In order to contradict (5.22), we take thus r ~ log IS[. Condition (5.18) yields 

then 5 > 102 • log ISI • p - 1 / 2 ,  proving the lemma. 
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Remark: Observe that (for K large wrt P)  one has 

(5.24) # { k _ < K i k E { ~ 2  ..... P}"~ I I  ( 1 - ~ )  K''(IOgP)-IK 
p---P 

which does not imply (5.2). 

LEMMA 5.25: Let IS[ = N, P > (logN) 4. Let f e L2(T), [[f[[2 _< 1. Then 

1 (5.26) ~ ~ fI~s ~'(z) < p-1/s N1/2. 
I<~EG2,...,p 

Proo~ Consider level sets A,. t = {n E Z [ If(n)[ ~ "r}. Thus 

(5.27) IA,~I _< ~-~. 

The left member of (5.26) equals 

1 
(5.2s) n kSl. 

~<K 0<7<1 
k q G  2 . . . . .  p "~ d y a d i c  

We distinguish 3 cases. 

(I) "r < N -~. Estimate the corresponding summand in (5.28) trivially by 

N - N  -2 < N -1. 

(II) N -1/2 > 7 > N-2-  Fix "r and let S ~ = S U A~. Hence [S~[ _< -r -2. Thus, 

by Lemma 5.1 

1 1 -r -2 
(5.29) -~ E [AvNkS I < -~ E [s~ MkS'r[ < p1/---7 

k < K  ~ < K  
k e g 2  . . . . .  p k e g 2  . . . . .  v 

and hence 

"r 
(5.30) 

k < K  

~EG2 . . . . .  P 

(~ - I  ) 
[Av N kS[ < min p---i-j7' ~/N 

which contribution is 

N 1 / 2  

(5.31) <- p1/-----~" 
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(III) "r > N -1/2. In this case IS~l < N and by Lemma 5.1 

1 N 
(5.32) ~ ~ IAynkSl  _< p1/4 

~SK 
kE~2,...,P 

and 

(5.~3) ! Z K 
,~<K 

kE~2,...,P 

1 N 
IA,~ N kS I < min ( ~ / - ,  "Y p---i~) 

which contribution is 

(5.34) 

This proves Lemma 5.25. 

LEMMA 5.35: 

N1/2 
< - -  
- p1/s" 

Let B be a finite subset of Z+ and define for all R >_ 1 

(5.36) BR = {m E B I m < R}. 

Let l a n l  _ 1 and P > (loglBI) 2°. Then 

__ e imnx] < P-1/151BRIU2. (5.37) erojt0,. 1 Z a. 
l < n E ~ 2  . . . . .  p , m E B  n J 2 

Proof: Observe first that if m E B, n > 1 and m n <  R, then necessarily 

m E BR. The left member of (5.37) may thus be estimated by 

K > I  l<~E~2, . . . ,p  ~ K  
Kdy~di¢ m E B R  2 

making a dyadic partition in n. From Lemma 5.25 and duality, it follows that 

(5.39) K-1 l<,,e~,,...,v,,,eaRZ ,,~x an e ~m'~x 2 < C p-1/s  IBR[1/2. 

Also, there is the trivial estimate IBRIK -t /2 on the left side of (5.39). Inequality 

(5.37) follows. 
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6. T h e  L i t t l e w o o d  c o n j e c t u r e  r ev i s i t ed  

In this section we recall the proof of the Littlewood conjecture 

N 
(6.1) ~--~e im~x > c l o g g  

n = l  L 1 ( '~) 

for 

83 

ml  < m2 < " "  < m N  E Z 

due to [M-P-S], with a few adjustments needed later on. 

Let B = {ml < m2 < . . .  < raN} C Z+. Denote 

N 
(6.2) F = ¢ ox 

n:l 

and r0 -~ logN. The inequality (6.1) is obtained using a test polynomial • of 

the form 

(6.3) ¢ = P1 + Q1P2 + Q1Q2P3 + " "  + Q I" " Q ~o -1  Pro 

where lop[ < C and for each r 

(F, Q1 . . .Q~_I  P~> > c. (6.4) 

Hence 

(6.5) (F, ~) : ~ (F, QI" " 'Q~-IPr)  ~ ro. 
r~TO 

We will need some information on the Fourier transform of the Qr-functions, 

which will require a slight modification of the original construction. More 

precisely, we will require 

supp /~  c {m/[  N10 -6r < j < N10 -6(r-1)} (6.6) 

and 

This may be achieved as follows. Parti t ion the interval 

I =]mN10-8,-, mN10-~(~-i ) [ 
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in 40 intervals I~ of size ~olII and select a such that 

N10 -6(r-1) > Xr -- ~ {j [mj C I~} > 5~ N10-6(r-1)" (6.8) 

Define 

(6.9) 

Isr. J. Math .  

(6.15) 

II1 - Q,-112 _< II IPr,~l + I~( IP, - , l l ) l  I1~ _< 211P,-,~ll.~ 
= 2X~112 < 16N -1/2 10+3(r-1). 

1 
Pr, l =  ~_~ r ~ e i m j z ,  

rnj E Is  

(6.10) Pr = Pr,1 * (ei~"~F2tl~m), 

where ~ is the center of I~ and FM = ~-]~I,~I_<M ~ e im~ is the M-Fdjer 
kernel. 

Hence 

(6.11) supp ~B~ C ~, + [-2 [I~1, 2 ]I~[] 

and 

1 
(6.12) (F, P~) > ~. 

Define 

(6.13) Q,. = [e-(IP~'ll+¢n[IP~'ll])] * F211~I 

where 7-/denotes the Hilbert transform on L2(T). 

Hence 

supp (~ C [- 21Io h 0] 

implying (6.7). Observe that by construction 

1 [pr[+lQr[ oo_ < [~0 [P"'I[+e-IP"II]*F2II~'I oo 

(6.14) _< 1 iP~,xl +e-IP"ll  oo 

_<1. 

Hence, [¢[ < 10 by iteration of (14), since [Dr[ _< 1. 

By (6.8) 
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Write thus, using (6.7), (6.12), 

(6.16) 

(F, O> = E (F, P~) + E <F, P~(1 - Q t . . .  Q,-1)> 
~<"o ~<_ro 

> r0 
_ ~- + ~ (Fr, e~(1 - Q1...  Or-l)) 

r~ ro  

denoting 

(6 .17)  F~ = E e"~'~:~ " 
j_~N10-6(~-l) 

From (6.15) 

r - 1  

I(F,., P,.(1- QI '"Q,--~)) I  _< IIF,-II= ~ I]1- Q8112 
s----1 

r - - 1  
1 (6.18) -< N1/210-3("-1) E 16N-W21030-1) < 1-6 

8----1 

and (6.16) yields thus 

(6.19) IIFII1 > --,IF \ , , . ,  ( I ) / ~  > elogN 
- 10 

Next, letting P > (log N)too, Jan [ _< 1, we need estimates on 

(6.20) 

(6.21) 

mEB 

mEB 

LEMMA 6.22: With previous notations 

1(6.20)1 + 1(6.21)1 < c p-1/15 (loglBi)2.. 

Write 

(6.22) (6.2o) < ~ I<G,P,-)I + 
r~ro r<_rO 

l<e<r 

I(G, P~(1 - Q,)Qs+x" "Q~-x)I 
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with G = ~ ~" e ~m'~x. 7"L 
l<nE~2,...,p 

m E B  

Observe that by (6.6), (6.7) 

supp[P~(1-  Qs) Q8+1. Qr] ̂  c [mNlo-~(~-,), 
1 

. .  - ~ - 6  ( m N . l O - 6 ( o - 1 )  - m N . l O _ 6 O  

q- m N . l O - 6 .  - -  m N . 1 0 _ 6 ( . + a  ) . . .  - -  r a N . 1 0 - 6 . ) ]  

1 
(6.23) C [ m N . 1 0 - 6 ( ~ - l ) ,  --~--~ m N . 1 0 - ~ O - i )  ] • 

By (5.37), taking R = mN.lO-6(~-~), it follows from (6.15) that 

I(G, P~(1 - Qs)Qs+x . . .  Qr-1)] ~_ P-1/15Nl/2" 10-3(r-1) 

[[P~(1 - Qs)Qs+l... Q~-I ]12 
<p-W15N1/210-a(~-D. 16N-1/2103(8-1) 

(6.24) _<P-Was103(8-~). 

Hence 

(6.25) (6.20) <_CP-WaSro. 

Write similarly 

(6.21)_< Z [(-d,P.~(1-Q~)Q~+I...Q,.-1)[ 
~ r  0 

< - Z CP-1/15 (N. 10_6(8_1)) t/2 [[P~(1 - Qs)Qs+1"'" Qr-I[[2 

$<P 

(6.26) <CP-1/15r 2 

applying now (5.37) with R = mN.lO-~(.-~). 

This proves Lemma 6.22. 

As a consequence of the preceding, one gets by (6.5), (6.22), 

LEMMA 6.27: Let B be a finite subset of Z+ and P > (log[B[) 1°°. 

[a,~[, [bn[ <_ 1. Then 

IL 1 (an e i'~'~x +b,~ e-im'~)[[>cloglBI. 

II1 

Let 
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7 .  P r o o f  o f  P r o p o s i t i o n  1.7 

We use a similar approach as for the minoration of s2(B). 

Consider 

(7.1) 

Then 

(7.2) 

f+ = l[]¼_~,¼+i[ and f_ = l~]_¼_~,_¼+][. 

S3(B) > - ~ +  max 
- -  xET 

Fourier expansion yields 

(7.3) ( f + - l )  ( x ) = E  n-'~l sin --~nr e+i{ne2"inx 
n#0 

and hence 

f+ + f -  - (x) - - .  n - T "  cos n ~ .  cos 2~rnx 

2 E l  . ~r 
- ~r -'n s m n ~ . c o s 4 r n x  

1 
(7.4) = _ 2~r E n Xl(n)c°s4~rnx 

where Xl is multiplicative mod (4). 
Similarly 

4 n~r . air (f+-f_)(x) = ~.. 1 sin --~- sm sin 27rnx 
- ~  n Y n_>l 

(7.5) _ 2_x/~r E 1x2(n)sin2rnx 
n>_l 

where X2 is the multiplicative character mod (8) defined by 

z~(o) = o 
z~(1) = 1 
z~(2 )  = o 

(7.6) X2(3) ---- - 1  
)/2(4) = 0 
x~(5)  = - 1  
x~(6)  = o 
x2(7)  = 1 

87 
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In analogy to the identity (2.6), we get thus 

(7.7) _ 2  E cos2mx 2 E xl(n) cos2mnx 
r 7r n 

~TI, E B  l<nEg2,...,p 
,nEB 

and 

(7.8) 2--v/2 E s i n m x -  2___~_~ ~ x2(n____))sinmnx" 
7r 7r n 

rt'L E S I<nEQ2, . . . , p  
m~B 

Taking P ~ (log IB[) 1°° and applying (6.27) yields from (7.7), (7.8) 

clog[B[< E e2irnzq - E l (xl(n)c°s2mnx+ix2(n)sin2mnx) 
m q  B I<nEG2,...P 

rr~EB 1 

+ ~ (I+ - l_)(mkx) 
1 

(7.9) <c p<l~I P ( 1 +  1 ) [ } l ~ B ( f + - - ~ ) ( m x ) l - t - t ] ~ ( f - - - ~ ) ( m x ) l x ] .  
pprime 

Consequently, 

] (7.10) mea ~ f4- - (rex) > c ~ -- Clog log IB I 

which by (7.2) implies Proposition 1.7. 

Remarks: 
1. The problem to carry out the preceding to improve the lower estimate on 

s2(B) is the fact that if we consider (instead of ][½_],½+~]) a set f~ C T 

satisfying 112[ = ½, (12+ fl)Nl2 = 0, then necessarily (by Kneser's theorem), 
fl = T\(fl - fl) and hence is symmetric. 

2. The proof of Proposition 1.7 has similarities with [B]. 
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8. F u r t h e r  r e m a r k s  

Call A C Z+ k-sum free provided 

(8.1) A + . - .  + A =  (A)k N A = 0. 

k ti'~mes 

Denote sk(A) the cardinality of a maximum size subset B of A which is k-sum 

free. One gets easily 

(8.2) sk(A) > k--~lAI. 
In fact, there is also the following infinite version of this property: 

Let {nj} be an increasing sequence in Z+. There is a set S such that  

{njlj  6 S} is k sum-free and 

1 1 
(8.3) l ~ n ~ l S  A [0, NJI _> k +-----1" 

Both facts (8.2), (8.3) are easily obtained considering the analogue of (2.1), with 

[ ' ]  now J = 2(kill 2(k+1), 2(k1-1) + 2(-N-gU ' averaging over x 6 T. 

Our next purpose is to show that  an estimate 

(8.4) sk(A) > 5klAI 

for any finite A C Z+ requires at least 5k --* 0 for k --~ co. This fact will follow 

by constructing appropriate examples. 

We will rely on the following fact, which is an exercise on the circle method 

(we omit the proof). 

LEMMA 8.5: Let A C Z N [0, M] and assume 

(8.6) IAI > 5M 

(with ~ > 0 a fixed constant). Thus there are integers r and q and an interval f 

such that 

(8.7) r, q < c(5),  

(8.8) III = M, I c [M, rM], 

(8.9) q(I N Z) c (A)~. 
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We make the following construction. 

Fix N, J (to be specified depending on k, 5). Denote 

• v N 
(8.10) A 5 = {3.n]~- < n < N}, 

J 
(8.11) A = U Aj. 

j=l 

Assume B C A and IBI > 51A I. We assume 5 > 0 fixed and will denote by C 

various constants that  may depend on 5. 

One may find integers 1 _< Jo < j l  < j2 < J such that 

1 
(8.12) j l  - Jo > ~hJ, 

(8.13) IJl -J21 < J1, 

(8.14) IBrlAjol > 4 ' 

5 N (8.15) IB N Ai, I > ~, , 

(8.16) B n Aj~ ¢ 0. 

Here J1 << J, 5J1 > C, are to be specified. This follows easily from the fact that 

IBI > 51A I. From Lemma 8.5, (8.14), (8.15), there are integers ro, qo, r l ,  ql and 

intervals Io, I1 of integers satisfying 

(8.17) to, r l ,  qo, ql < C, 

(8.18) Io C [g, rog], IIol = N, 

(8.19) I1 C [Y, rlN], Illl = N, 

(8.20) {qljo!nln • Io} C (B N Ajo)ro, 

(8.21) {qljl!nln • I1} C (B rl Ajl)r 1. 

Let I1 = [al,bl], thus bl > (1 + 1 ) a l , a  1 > N. Fix also some element ~jl!  E 

B rl Ajl. 

Consider C < gl < kC -1 and choose go such that 

(8.22) rogo + r i l l  < k, 

(8.23) Ik - ro~o - radii < C. 
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Consider the following subset of (B)k: 

(8.24) (Bf~Ajo)~o~ o + ( B N  AjI)~I~ I + (k - rogo - ri~z)nji! 

which by (8.20), (8.21) contains the set 

(8.25) {qojo!no + qljl!nl + (k - rofo - rlgl)gjl!lno E (Io)~o, nl E (I i )~ }. 

From (8.12), qojo![ji!. Assume k < e ~J, hence 

(8.26) k << 
jo!" 

One easily checks that (8.25) contains a set of the form 

(8.27) jl!(N n [qi~lai + CN, qigibi - CN]). 

Letting fi range as above, it follows that (B)k contains a set 

(8.28) jl!(7/~ ('] [Cal, k b l ]  ) 

(8.29) Dji!(Z N [CN, c N ] ) .  

To obtain that  (B)k n B ¢ 0, it suffices thus by (8.16) to verify that  

(8.30) Aj2={nj2![  N < n < N } C j l ! ( Z N [ c N ,  k N ] ) .  

This will be the case provided 

(8.31) 

(8.32) 
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N .  ; ~32. > CNjl! ,  

k 
Nj2! < -~Njl! .  

(8.31) follows from j2 > j i  > ½~fJ and, by (8.13), (8.32), will be satisfied if 

(8.33) J 21" j j2- j l  jgl  
ji! < < < k .  

Thus sumarizing the resulting conditions on the different parameters, we find 

5J1 > C, k < e 5J, JJ' ( k. For k sufficently large (depending on 5), these are 

clearly compatible. 
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