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ABSTRACT
A subset A of the positive integers Z4 is called sumfree provided
(A+ A)N A = 0. It is shown that any finite subset B of Z4 contains
a sumfree subset A such that |A| > %(|B | +2), which is a slight improve-
ment of earlier results of P. Erdés [Erd] and N. Alon-D. Kleitman [A-K].
The method used is harmonic analysis, refining the original approach of
Erdos. In general, define s;(B) as the maximum size of a k-sumfree subset
A of B, i.e. (A)y = A+ ---+ A is disjoint from A. Elaborating the tech-

niques permits one to prove that, for instance, s3(B) > %l + ¢ lo

B
oglog|B|
as an improvement of the estimate sx(B) > Ji:-l resulting from Erdos’ ar-
gument. It is also shown that in an inequality si(B) > 6,|B|, valid for any
finite subset B of Z ., necessarily §; — 0 for k — oo (which seemed to be
an unclear issue). The most interesting part of the paper are the methods
we believe and the resulting harmonic analysis questions. They may be

worthwhile to pursue.

1. Introduction

Call a subset A of Z sumfree provided (4 + A)N A = 0. It is observed in [Erd]
that any finite subset B of Z contains a sumfree subset A such that

1
(11) 41> £ 18],
In [A-K], the authors pointed out that in fact the argument yields

1
(1.2) |41 > 3 1B, hence |4] > % (1B +1).
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72 J. BOURGAIN Isr. J. Math.

The purpose of this note is to develop a harmonic analysis approach to this and
similar problems, estimating discrepancies using techniques related to trigono-
metric sums. We show, for instance, the following slight improvement of (1.2).

ProrosITION 1.3:

S(B)> =(|B|+2), forany BCZ,.

QDI'—'

S{B) denotes the maximum size of a sumfree subset of B.

There is also the following fact, which in many cases yields a more significant
improvement.

PROPOSITION 1.4:

1Bl

S(B) 2 1 + 1 (log|BI)

Z cos 2mk@

keB

Here c; is some fixed constant. From the solution to Littlewood’s conjecture, one

has always
1
)

1

(L.5)

E : e2’mk9

keB

Z cos 2wk

keB

df > cylog | B|

(see [M-P-S] for the proof).

One may similarly define S3(B) as the size of the largest subset A4 of B
satisfying

(1.6) (A+A+A)nA=0.

The harmonic analysis techniques may be here exploited in a more successful
way. The following improvement on the “obvious” inequality S3(B) > |B|/4 is
obtained.

ProrosIiTiON 1.7: 1Bl log|B|
0g

S3(B —_— —_

3(B) > 4 +e loglog | B}

From a technical point of view, this is the most interesting part of the paper.
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2. Harmonic analysis formulation

Denote by f the indicator function of the arc J = ]2 — 1, 1+ 1[ on the circle
T = R/Z.

Observe that if A C Z and = € T such that nz € J for all n € A, then clearly
A 1s sumfree. Hence

1
: ) > Lind _ = '
(2.1) max Z f(mz) = + max <f 3> (mz)
meEB
The Fourier expansion of the function f — %— yields
1 _ (—l)n . W 27rinz - X(
(2.2) f(z) — 3= ,;, ——sin—--e ; = cosnzc

where x is the multiplicative character defined by
0 ifn=0(mod3)
(2.3) x(n)=4¢1 ifn=1 (mod3),
-1 if n=2 (mod3).

Denote by u the Moebius function. Let 2,3,5,..., P,... be an enumeration of
the consecutive primes. For a subset A of Z, denote

Ga={n€Z|(nk)=1forall k€ A}.

Observe that

. 1 ifne g2,...,P’
(2.4) Z p(k) = {0 ifné¢ Gy p
Hence, one gets

(2.5)Zﬂ—gclx(k)(f—%)(kx)=—~? ) @cosm

k| P! n€Gz ... P
3
=~ — COST — V3 Z x(n) cosnx
n€ds, . P
n>1
and
u(k
S 4B [Z (r-3) <mkx>] =
k| P! meB
3 3
(2.6) —£ cosmx — £ Z m COS MnZ.
s T n
meEB n€gy,..., pn>1
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3. Proof of Proposition 1.3

We minorate

1 3 n
(3.1) max <f - —) (mz) =max —[— Z x(n) COS NINT
z€T 3 z€T n
meB n>1,meB
Denote 0 < m; < mg < m3z < --- < my the elements of B. We may assume

ged(B) = 1. We distinguish first the cases m; > 1 and m; = 1.
(I): Case m; > 1. Define j = min{j’ =2,...,N | my ¢ mZ}. Denote for

convenience

(3.2) F(z)=- Z Z(El—nz COSNMI.
n>1,meB

Consider the test function
(3.3) G(z) = (1 — cosmiz)(1 — cosm;x)

satisfying G > 0, [; G = 1. Hence

(3.4) max F(2) 2 (F,G) = =F(m1) = Fmy) + 5 Fm; =my) + 5Fm; + m).
By definition of j, we have
~ 1
(3.5) m; ¢ nB forn>1, hence F(m;)= ~3
(3.6) mj —my ¢ nB forn>1, hence ﬁ(mj —my) =0,

~ 1
(3.7) mj+my ¢nB forn>1, hence F(mj+m;)=0 or - 3
For instance, if m; + m; = mnmy with n > 2, there would follow
my < %(ml +m;) < mj, hence j' < j and mj € myZ, m; € mZ (contra-
diction).

From (3.4)—(3.7), we get thus

1 1 1 3
. >S4 ==
(3.8) max F(z)25+35-7=7
and hence

V3 3 1
i 1)> 2.2 =0,41 =,
(3.9) (3.1) > =g >3
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(II): Case m; =1. Distinguish the cases mz > 2 and my = 2.

CASE my > 2: Take

(3.10) G(z)zl—% cosz-{—% cos2z > 0.
Hence

4 4 1 ~ 2 1 3
3.11 F FG)=—-=-F1)+=-F2)=-+—=~
(3.11) max F(z) 2(FG)= -2 F()+ 5 F2Q) =g+ 5=
and

V3 3 _ 1
3.12 31)> —-=—> .
(312) (1)> 25>
CASE mg = 2: Thus my = 1, mg = 2. Take
(3.13) G(z) = (1 — cosz){1 — cosmax).
This yields

1 =~ 1 1+

(3.14) max F(z) > (F,G) = 3~ F(mg) + 3 F(mz—1)+ EF(mg +1)

(1): mg=3. Then F(mg) = -1, F(mg~1) = -1, F(mz+1)> -3 and

1 1 3 11
314)> = 42— = — 2 =
( )_2+2 8 16 16’
V3 11 1
3.15 3.)> —.-—=0,37. -
(3.15) (1> Y2 =037 >3
(2): mz=4. Then F(ms) = — % F(mz —1) =0, F(m3+1)>—— and
1 3 1 27
314)> - 4o — - =
( ) 2+8 5 40’
3 27
(3.16) (3.1)2£._=o,37...>1
T 0 3

(3): mg=5. Then F(mg)= -2, F(mg—~1) = L F(mz+1)> -1 and

(3.17) B> 5=039...> 3.

75
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(4): m3>6 mg € 3Z. Thenﬁ(m3)——%,ﬁ(m3—1)>— —+3 3_1
—m, F(m3+ 1H>- 7—+ﬁ and
(318) (3.14)> - +%~4_(—7531_—_1_)—%_W:Tﬁ>§—§16_§1§’
3 /3 1 1 1
(3.19) (3.1)2%——-(2—%—2—8)=0,36...>§.
(5): mg > 6, mg € 3Z+1. Then F(mg) < -3+ & - ;L = -1 +;L,
ﬁ(m3—1)=0,F(m3+1)2—%—7—n;ﬁ+m=—%—mand
(3.14)2%%_.2711;—%_@
(3:20) :2—2;3—4(m:+1)22—ﬁ—$’
(3.21) 3.1) > —‘;—5 (g - 1—14- - 312) ~0,35...> %

(f): m3 > 6, m3 € 3Z+2. Then F(mg)z—'li‘*‘ﬁ;, F(m3_1)2"Tm§-_1)’
F(ms+1)> -1 and

1 1 1 1 1
H> -+ - - - - =

(3.14) 2 273 2m3  4(mg—~1) 4

3 1 1 3 01 1

Z - — > - -

(3:22) 4 2mz; 4(mz—1) — 4 16 28’
vV3(3 1 1 1
. D> —{(--=-=1=0,35...> -.
(3.23) (3.1) > - (4 6 % 35 >3

From (3.9), (3.12), (3.15), (3.16), (3.17), (3.19), (3.21), (3.23), it follows that for
a'nyBCZ+’ |B|23

(3.24) max [Z (f - %) (mm)} > -:1;

meEB

hence, by (2.1),

o

S(B)>I I+

b

s(B) > 2+

7

w[& o
WIN Wi -

proving Proposition 1.3.
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4. Poof of Proposition 1.4

Fo = Y (£-3) ome)

meB

Since

satisfies [ F' dz = 0, it follows that
11 F(z) > L1
(4.1) Ty P\ 2 gl

From equality (2.6)

\/_
— Z cosmzr
™

meB

1

(4.2) l H <1+p>jl |IF”1+§ Z &(T?—)cosmnx

p<P,p#3 n€gz,. . .pm>1
mEB 1

The second term in (4.2) is bounded by

1/2
V3 2 _
(4.3) o1l gZ (X‘(fl) <C|B| PV?,

Taking P = |B|?, it follows that

(44) (IFlh>c]] <1 + %)_1

p<P

E cosmx

meB

> c(log P)~
1

E cosmx

meEB

1

and this proves Proposition 1.4.
5. Further estimates on (2.6)

LEMMA 5.1: Let S be a finite subset of Z, and P > (log|S|)2. Then for K > 1

1
(5.2) % > ISNkS|<C P2 |8) log|s].
kec‘;,s:«xf..,P

Proof: (i) Construction of a partition of I = {k < K |k € Ga 3, p}. Fork €I,
denote g(k) the largest prime divisor. Hence q(k) > P. Define

Li={kel|k=nq(k)} .
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Hence I =U,<x/p In) En_<_}(/p lIn| < K.

Assume
1
(5.3) EZISOkSl > 6|S|.
kel
Then

Z |1,] (il | > |SmkS|) > 6|9

kel

Hence, there is n’ < K/P such that I’ = I,/ satisfies

] 6
. r P d Nk
(5.4) > - an |I' Z|s 81> 75151
kel
Denote J = 5 I the corresponding set of primes. Thus
(5.5) W> 2P and L Yisonps|> o d s
10 |J| vy

(ii) Define next

St={zeS|#{peJ|n'pzeS}>r|J},

Isr. J. Math

S::{xes|#{pejln’p|x and %ES}>T|J|},

S, =Srusy.
Hence
lJI 21 (8\8:)nn'pS| =
peJ
(5.6) |_J—| Z #{peJlnp|:v and E—ES}<T|S|
z€S\S-

and similarly

(5.7)

Thus (5.5), (5.6), (5.7) imply

(5.8) |J| > 18, ﬂnp5t><%—-2‘r>|5|

peEJ

1 1
—ZISﬂn’p(S\ST)I=|—ﬂ Y. #{peJin'preS}<rls].
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Fix an integer r ~ log|S| and define 7 = §/100r. With previous notation, define
the decreasing sequence of sets

§0=95 8'=5,, §9* =(89), forq<r

By definition of T

(5.9) |J|Z|Sqﬂnp5q|> —|Sq| forg<r
ped

and in particular

(5.10) ST # 0.

(iii) Construction of a tree. Take a point x € S”. We will introduce points
z(ly1, €2, ..., 0y) with £, =1,2,...,10 and w < T.

Since z € S™ = (S™~1), there is ¢o = +1 such that, by (5.5) (and (5.18) below),
52
(5.11) #{peJ|(mpPze S} > |J]= 105 P > 10.

Choose p(¢1), €1 =1,...,10 with (n/p(£1))%°x € S™~! and define
(512) 2(2) = (Wp(t))" <.

If the construction is performed up to stage w with z(£1,...,£,) € S™™%, we
proceed as follows. Since for some e = e(fy,...,4,) = £1,

52
(5.13) #{peJ|(np) z(y,...,0,) € STV} > 105

we may find distinet p(€y, ..., lw, Lwt1), Lws1 = 1,..., 10 satisfying

> 10w,

(5.14) (n'p(L1, -+, lws1))E (L, ..., Ly) € 771
and
p(ly, ... lwr) ¢ {p(&) | £=1,...,10}U
(5.15) {p(f1,0)|£=1,. .,10}u U{p(ls, ... ly1,0) | £=1,...,10}.

Define

(5.16)  z(lay. ..\ Lun burr) = [W'P(lr, .., Ly )P (l, . 0).
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Thus from (5.12), (5.16)

IIJ(E], . -,er) =
(617) [P e, &) 'l )T g

To fulfil condition (5.13), we need
(5.18) P>10%672r2,
(iv) For each € = (e1,...,6,-1) € {1,—1}"71, let

Qg = {(elye%--'aer) € {1""’10}T l
(519) 5(£1) =E€1, E(ela£2) = €2, E(el’ e ,er—l) = 61._1}.

Thus we may fix some € such that
(5.20) #az>10" 270D 5 o,
We claim that the points
(5.21) z(ly,...,4) with (6,...,4,) € az
are all distinct and thus by (5.20)
(5.22) 15| > 2.
By construction and (5.17)
(5.23) z(£y1,...,4) = (n/)Eotertter— p(03)% p(ly, £9) ... p(lyy ..y br)S
and the claim will result from the fact that for given Z all rationals
p(£1)% p(€y, )% ...p(fy, ..., L)Y, 4i=1,...,10

are distinct. Now this property is easily seen to result from (5.15).
In order to contradict (5.22), we take thus r ~ log|S|. Condition (5.18) yields
then § > 102 - log|S| - P~'/2, proving the lemma.
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Remark: Observe that (for K large wrt P) one has
1 -1
(5.24) #{k<K|k€gG,. p}t~ H 1-=]K~(logP)"'K
p<P P
which does not imply (5.2).
LEMMA 5.25: Let |S| = N, P > (log N)*. Let f € L*(T), ||flla < 1. Then

(5.26) = X | 11s

< P78 N2,
()

Proof: Consider level sets A, = {n €Z||f(n)| ~ '7}. Thus
(5.27) |4y <772

The left member of (5.26) equals

(5.28) ‘112 > Y q4,nks].

k<K 0<y<1
kEQQ‘M‘P v dyadic

We distinguish 3 cases.
(I) ¥ < N~2. Estimate the corresponding summand in (5.28) trivially by

N-N2<N°L

(II) N-Y2 > 4> N2 Fix v and let $7 = S U A,,. Hence |S7| < y~2. Thus,
by Lemma 5.1

1 1 y?

(5.29) 7 > A NkS| < % > 18T nkSY < PV
k<K k<K
k€EGy, ... p LD
and hence
(5.30) T ¥ A, NkS| < mi N
. e v min P/4’7
keéf_f,p
which contribution is
N1/2

(5.31)
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(III) ¥ > N~1/2, In this case |S?| < N and by Lemma 5.1

1 N
(5.32) % > 14,nkS| < P
k<K
k€C2 ... P
and
Y . _
(5.33) - Z |Ay N kS| < min ('y 1,7m>
k<K
k€Cy .. p

which contribution is

N1/2
(5.34) < YE

This proves Lemma 5.25.

LEMMA 5.35: Let B be a finite subset of Z and define for all R > 1
(5.36) Br={me B|m< R}.

Let |an| < 1 and P > (log|B|)?°. Then

(5.37) Projio gy 3 n gimnz ||| o p=1/15|g11/2,
1<n€g,,...,p,mEB n 9
Proof: Observe first that if m € B, n > 1 and mn < R, then necessarily

m € Bg. The left member of (5.37) may thus be estimated by

(5.38) > Kk > e

K>1 1<n€gy,
Kdyadic mEBR

making a dyadic partition in n. From Lemma 5.25 and duality, it follows that

(5.39) K1 > a, €™ < C P~Y8 |Bg|V/2

mEBR 2

Also, there is the trivial estimate | Br|K ~'/2 on the left side of (5.39). Inequality
(5.37) follows.
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6. The Littlewood conjecture revisited

In this section we recall the proof of the Littlewood conjecture

N
(6.1) Zeim"" >clog N
n=1

L(T)

for
m<mg<---<my€Z

due to [M-P-S], with a few adjustments needed later on.
Let B={m; <mg <--+<mp} C Z4. Denote

N
(6.2) F= Eeimnm
n=1
and 7o ~ log N. The inequality (6.1) is obtained using a test polynomial & of
the form
(6.3) Q=P+ QiP+@Q1Q2FP3+ -+ Q1 Qry-1 Py,

where |®| < C and for each r

(64) (F»Ql"'Qr—l Pr) >c

Hence

(6.5) (F,®) = > (F,Q1Q,_1P,) ~ro.
r<ro

We will need some information on the Fourier transform of the Q,-functions,
which will require a slight modification of the original construction. More
precisely, we will require

(6.6) supp P, C {mj |N107% < j < N10_6('_1)}
and

~ 1
(6.7) supp Q- C "E(mN-xo-s(r—l) — mp.10-¢-),0] .

This may be achieved as follows. Partition the interval

I =]mpy10-6r, My19-6c-1) [
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in 40 intervals I, of size 35]I| and select a such that

(6.8) N1078C—1 > X, = # {5 |m; € I} > 51—0 N10~6(—1),
Define
| ‘ 1 im;x
(6.9) P,= x Z eimiz
m;€l, }
(6.10) P. =Py (¢4=*Fyy,),

where £, is the center of Iy and Fiy = Ynicpr it €™ is the M-Féjer

kernel.

Hence
(6.11) supp Pr C &a + [~2 o), 2 | Lal]
and
(6.12) (F,Py) > %
Define
(6.13) Q, = [e—(lPr.1|+iH[|P,,1l])] x Fy1.|

where H denotes the Hilbert transform on L?(T).
Hence

supp @r C [_2|Ia|a 0]

implying (6.7). Observe that by construction

1
Tn Pr r
|55 171+ 10

1 -
_ < l‘ [E |Pr1| +e lP"ll] * Foyr, |

[= ]

(6.14) < |1 [Pyl
— PT r,1
S g 1Pral +e

o]

<1.

Hence, |®| < 10 by iteration of (14), since |P.| < 1.
By (6.8)

11— @rllz < Il 121l + 1H(Pea D] Nl < 211 Prall2
(6.15) =2X7Y2 < 16N~1/2 104301,
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Write thus, using (6.7), (6.12),

(F’(I))z Z(prr)"{" Z(var(l_Ql"‘Qr—l))

r<rg r<rg
r
(6.16) Z _§0‘+ Z(Frypr(l _Ql"'QT—l))
r<ro
denoting
(617) F'. = Z eim.ix
F<N10-6(--1)
From (6.15)
r—1
KF P(1= Q- Qe < IEllz D 11— Qulla
s=1
r—1 1
6.18 < N210730-D § 216N —1/21030-1) < —
(6.18) s ; <10
and (6.16) yields thus
F o
(6.19) |FllL > I(T))I >clogN .

Next, letting P > (log N)1%, |a,| < 1, we need estimates on
(6.20) Y fngimme g

n b b
(6.21) Yo Iremimnz ),

n L]

.....

LEMMA 6.22: With previous notations
[(6.20)| + |(6.21)] < C P~1/15 (log|B|)2."

Write

(6.22) (6200 < D UG, P+ 3 G, Pr(1-Qu)Qus1--Qrui)]

r<rg rsro
1<a<r
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withG= Y o ¢imne,

meB
Observe that by (6.6), (6.7)

1
supp [Pr(l - Qs) Qsy1- --Qr]A C [mmo—s(r—x), —E(mN.m—s(a—l) — Mpy.10-62
+ Mpy.10-62 — Mp.10-6(s+1) - — mN,lo—Sr)]
1
(6.23) C [mpy.10-6¢--1), T Mpy.10-6(s-1) | -

By (5.37), taking R = my.ig-s(-—1), it follows from (6.15) that

HG, Pr(1 = Qs)Qsy1 .- Qr_1)| <P~V NI/Z. 107361

”Pr(l - Qs)Qs+1 O] Qr—1”2
SP—1/15N1/210—3(T—1) R 16N—1/2103(s—1)

(6.24) <p-1/15103(s—),
Hence
(6.25) (6.20) < CP~V/18pq,

Write similarly

(621) S Z l(@, Pr(l - QS)Q3+1 .t 'Qr—l)'

r<r
1<s<r

1/2
<3 cP 1% (N 10756 1) TP (1 - Qo) Qus1 -+ @il

r<rg
a<r

(6.26) <CP~1/15;2

applying now (5.37) with R = mp.(g~6(-1)-
This proves Lemma 6.22.
As a consequence of the preceding, one gets by (6.5), (6.22),

LEMMA 6.27: Let B be a finite subset of Z, and P > (log|B|)!?°. Let
|an|, |bn| < 1. Then

Z emT + Z -?1; (an €™ + by, e} > clog|B|.

meB i<n€dz ., P
mED 1
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7. Proof of Proposition 1.7

We use a similar approach as for the minoration of so(B).

Consider
1) Fe=Tppang o S =D
Then
|B 1
(7.2) S3(B) 2 =+ max > fe- 1) mo)]-
meB
Fourier expansion yields
] 1 o T 4izn oming
(7.3) (fi —) (z)= Z — sin —-eT e
n#0
and hence
1 4 1
<f+ +fo - 5) (z) == Z Esin n4_7r -cosng - €08 27N
n>1
1 |
= — —Z ~-sinn— - cos4dnnx
T n 2
2 1
(7.4) =-= Z ;xl(n) cos4mnz

where X, is multiplicative mod (4).

Similarly
(f+ — f-)(z)=—- 4 lsin—n—ﬂ'sinn—7rsi1127r1uc
Z n 4 2
n>1
2
(7.5) = ;_/— —X2 (n)sin2wnz
n>1

where X3 is the multiplicative character mod (8) defined by

(Xz(o) =
x2(1)
.

x2(3

(76) ) %20

x2(5)

x2(6)
x2(7)

0
1
0
-1
0
-1
0
1
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In analogy to the identity (2.6), we get thus

PR plk D () L; (f+ +fo- —) (mkx)] =

k| P!
2 2
(7.7) —= E cos2mz — — E xa(n) cos 2mnz
s ™ n
meB 1<n€g3, ... P
meB
and

5 B, (k)[Zm £ mkm)]

k| P! meEB
2 ) 2v2 .
(7.8) ———\/—_ sinmzx — i E xa(n) sinmnz.
. ™ n
meEB 1<n€Cy ..pP
meB

Taking P ~ (log|B|)'°° and applying (6.27) yields from (7.7), (7.8)

. 1 . .
clog|B| < E e?me 4 Z " (x1(n) cos 2mnz + ¢ x2(n) sin 2mnz)

meEB 1<n€fy ...p

2 ,
B [=x
s%'ﬂ(k—ﬂ[g mEE:B(f +f-——) (mkz) 1
+ 5 | U~ £k ]
(19) <c H( ) "%‘B(n—%) ) + é(f—-i) (ma) J.
Consequently,
0 | X (- ) o] > 2R el

which by (7.2) implies Proposition 1.7.

Remarks:

1. The problem to carry out the preceding to improve the lower estimate on
sy(B) is the fact that if we consider (instead of 1[[%_%,%+%]) aset QCT
satisfying | = 3, (2+£)NQ = 0, then necessarily (by Kneser’s theorem),
Q = T\(22 — Q) and hence is symmetric.

2. The proof of Proposition 1.7 has similarities with [B].
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8. Further remarks
Call A C Z; k-sum free provided

(8.1) At +A=(A)pNA=0.
-

k times

Denote sx(A) the cardinality of a maximum size subset B of A which is k-sum
free. One gets easily
1

(8.2) 1(4) > =

|4]-

In fact, there is also the following infinite version of this property:
Let {n;} be an increasing sequence in Z,. There is a set S such that
{n;|j € S} is k sum-free and

1 1
. im— > —.
(8.3) hglnN|Sﬂ[0, N]| > Py

Both facts (8.2), (8.3) are easily obtained considering the analogue of (2.1), with

_ 1 1 1 1 .
now J = Fh=1) ~ 2R+T)? 3G-T) T 2(k+1)], averaging over z € T.
Our next purpose is to show that an estimate

(8.4) si(A) > 6|4

for any finite A C Z, requires at least §; — 0 for £ — oo. This fact will follow
by constructing appropriate examples.
We will rely on the following fact, which is an exercise on the circle method

(we omit the proof).

LEMMA 8.5: Let A C ZN [0, M] and assume
(8.6) |A] > M

(with 6 > 0 a fixed constant). Thus there are integers r and q and an interval I
such that

(8.7) r,q < C(8),
(8.8) [I|=M, Ic[M,rM),
(8.9) g(INZ) C (A),.
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We make the following construction.
Fix N, J (to be specified depending on &, §). Denote

(8.10) 4; =T <n< N},

J
(8.11) A=]J4;.
i=1

Assume B C A and |B| > 6|A|. We assume § > 0 fixed and will denote by C
various constants that may depend on 6.

One may find integers 1 < jy < j1 < j2 < J such that

1
(8.12) Jj1—Jo > §5J,
(8.13) |71 — Jol < Ji,
(8.14) BN 4,,| > ZN,
(8.15) BN 4| > ggv,
(8.16) BnA;, #0.

Here J; < J, 6J; > C, are to be specified. This follows easily from the fact that
|B| > 6|A]. From Lemma 8.5, (8.14), (8.15), there are integers 79, go, 71,91 and
intervals Ip, I7 of integers satisfying

(8.17) T0,71,90,91 < C,
(8.18) Io C[N,roN], |lo] =N,
(8.19) I C[N,miN], L] =N,
(8.20) {qujolnin € Io} C (BN Aj)n,
(8.21) {quiilnin € It} C (BN Ajy)r,-

Let I} = [a1,b1], thus b; > (1 + %)al,al > N. Fix also some element 77! €
Bn Ajl'
Consider C < #; < kC~1 and choose ¢y such that

(8.22) rolo +1r1é1 < k,
(8.23) |k —robp — r1€1| < C.
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Consider the following subset of (B)x:

(8.24) (BN Ajo)rote + (BN Aj )ryey + (k — robo — 711721

which by (8.20), (8.21) contains the set

(8.25)  {gojo!no + qujitna + (k — roly — ri1)@jr!|no € (To)ee, 1 € (I1)g }-
From (8.12), gojo!|j1!. Assume k < e%”, hence

3 !
(8.26) E<
Jo:

One easily checks that (8.25) contains a set of the form
(8.27) SN Z 0 [g1t1a1 + CN, 14101 — CNJ).
Letting £; range as above, it follows that (B), contains a set
(8.28) W@ [Cay, gbl])

(8.29) i (ZN[CN, gN]).

To obtain that (B), N B # 0, it suffices thus by (8.16) to verify that

N k
(8.30) Aj, = {nj2!|3 <n<N}CHZN[CN, “C'N])-

This will be the case provided
N
(8.31) 52t > CNijal,
C
(8.31) follows from j; > j; > 26J and, by (8.13), (8.32), will be satisfied if

io! L
(8.33) < gt < R <k

Ji
Thus sumarizing the resulting conditions on the different parameters, we find
6J1 > C,k < €%, J% < k. For k sufficently large (depending on §), these are
clearly compatible.
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